Let Γ g,n , for 2g − 2 + n > 0, be the Teichmüller group of an n-punctured genus g compact Riemann surface S g,n and let Γ(ℓ), for ℓ prime, be the abelian level defined as the kernel of the natural representation Γ g,n → Sp 2g (Z/ℓ). The pro-ℓ completion Γ(ℓ) (ℓ) of Γ(ℓ) defines a profinite completion of Γ g,n , which we call the relative pro-ℓ completion and denote by Γ (ℓ) g,n . There is a natural map from the Galois cohomology of the profinite group Γ (ℓ) g,n with coefficients in a discrete ℓ-primary torsion Γ (ℓ) g,n -module to the cohomology of the discrete group Γ g,n with induced coefficients. The main result of this paper is that, for ℓ = 2, this map is an isomorphism in all degrees when g ≤ 2 and in degrees less than 4 when g ≥ 3. Were this property to hold in all degrees also for g ≥ 3, Mumford's conjecture about the stable cohomology of the Teichmüller group would follow.
Introduction
Let G be a discrete group. By definition of pro-ℓ completion, all homomorphisms from G to finite ℓ-groups factor through the pro-ℓ completion G (ℓ) of G. For a free group F , this means that the Galois cohomology of F (ℓ) , with coefficients in a discrete finite ℓ-primary module, is isomorphic to the cohomology of F , with induced coefficients (in this case, one says that the given group is ℓ-good with respect to the pro-ℓ completion).
Low genus Teichmüller groups are realized by successive extensions of free and finite groups, hence, by Hochschild-Serre spectral sequence, a phenomenon similar to the above occurs. One cannot right away consider pro-ℓ completions because the Teichmüller groups Γ g,n are perfect for g ≥ 3. Instead, one considers the relative pro-ℓ completion Γ where Γ(ℓ) (ℓ) is the actual pro-ℓ completion of the abelian level Γ(ℓ). For g = 0, the relative pro-ℓ completion is just the ordinary pro-ℓ completion, but, in general, Γ (ℓ) g,n is only virtually the pro-ℓ completion of Γ g,n . One easily proves (see Section 4) that the Teichmüller group Γ g,n , for g ≤ 1, is ℓ-good with respect to the relative pro-ℓ completion and that the Teichmüller group Γ 2,n is 2-good with respect to the relative pro-2 completion. A natural question is whether this property holds also for higher genus Teichmüller groups.
The complex of curves C(S g,n ) is the simplicial complex whose simplices are sets of distinct, non-trivial, isotopy classes of circles on S g,n , such that they admit a set of disjoint representatives none of them bounding a disc with a single puncture. The complex of non-separating curves C 0 (S g,n ) is defined as the subcomplex of C(S g,n ) whose simplices are sets {v 0 , . . . , v k } of distinct isotopy classes of non separating circles on S g,n , such that S g,n {v 0 , . . . , v k } is connected. The Teichmüller group Γ g,n acts simplicially on C(S g,n ) and C 0 (S g,n ). The stabilizer Γ σ of a simplex σ ∈ C(S g,n ) is described as follows. Suppose S g,n σ is homeomorphic to h i=1 S g i ,n i , there are then two exact sequences:
where S σ {±} is the group of signed permutation of the set σ and τ γ is the Dehn twist around the circle γ on S g,n .
Harer proved (see [Ha1] and [Ha2] ) that the geometric realization of C 0 (S g,n ) is homotopy equivalent to a wedge of spheres of dimension g − 1, while the geometric realization of C(S g,n ) is homotopy equivalent to a wedge of spheres of dimension −χ(S g ), for n = 0, and of dimension −χ(S g,n ) − 1, for n ≥ 1, where χ(S g,n ) is the Euler characteristic of S g,n .
Hochschild-Serre and equivariant cohomology spectral sequences then allow to express the low degree cohomology of the Teichmüller group Γ g,n in terms of the cohomology of Teichmüller groups with smaller g or n. Basically, this machinery unfolds the simplicial structure of Teichmüller groups, as devised by Grothendieck in [Gr] . In this paper, we consider a profinite analogue of it.
Let us define profinite semi-simplicial complexes, naturally endowed with a simplicial and continuous action of Γ where {Γ λ } λ∈Λ is a tower of levels defining the relative pro-ℓ completion. One proves that C (ℓ) (S g,n ) and C
0 (S g,n ) have, in the pro-homotopy category, the same connectivity properties of C(S g,n ) and C 0 (S g,n ) (Theorem 5.1 and 5.2). Thanks to these results, one then gives a complete description of the stabilizers for the action of Γ (2) g,n on C (2) (S g,n ), which is functorial with respect to the description of the stabilizers of Γ g,n given above. In Section 6, it is in fact proved that the stabilizer Γ (2) σ of the simplex σ, considered above, for the action of Γ (2) g,n is described by the exact sequences 1 → Z(σ) (2) → Γ (2) σ → S σ {±}
g i ,n i → 1.
At this time, it is not clear to me whether the impossibility to prove this result for primes different from 2 depends on missing technical details or on deeper reasons (in general, localization of a space at 2 behaves differently than localization at other primes). At this point, one needs a comparison of the top cohomologies of C (2) 0 (S g,n ) and C 0 (S g,n ). In case they were isomorphic, induction on the genus and standard comparison techniques of spectral sequences would allow to prove that Γ g,n is 2-good with respect to the relative pro-2 completion, also for g ≥ 3.
Let C 0 (S g,n ) (2) be the 2-skeleton of C 0 (S g,n ) and C (2) 0 (S g,n ) (2) the associated profinite semi-simplicial complex, as defined above. One then proves that H 2 (C (2) 0 (S g,n ) (2) , Z 2 ) is the Γ (2) g,n -completion of H 2 (C 0 (S g,n ), Z 2 ) (see Proposition 7.1). However, one cannot expect to have an isomorphism on cohomology either and, at present, this is not enough to proceed further.
In any case, the fact that the homotopy dimension of C(S 3,n ) is 4 implies, at least, that the natural homomorphism Γ g,n → Γ (2) g,n induces an isomorphism on cohomology with torsion 2-primary coefficients, in degree less than 4.
Moduli of curves and level structures
Let M g,n (with 2g − 2 + n > 0) be the functor of n-pointed, genus g, smooth algebraic curves over C. As it is well known, this functor is represented by a smooth connected Deligne-Mumford stack (briefly D-M stack) over C of dimension 3g − 3 + n, also denoted by M g,n , and its universal cover, the Teichmüller space T g,n , is a contractible complex manifold. One can naturally define homotopy groups for M g,n and then the fundamental group π 1 (M g,n , a), called the Teichmüller group and denoted by Γ g,n , is isomorphic to the deck transformations' group of the cover T g,n → M g,n .
A level structure M λ is a finite, connected, Galois,étale cover of the stack M g,n (here, anétale cover is anétale, surjective, representable morphism of algebraic stacks), therefore it is also represented by a smooth Deligne-Mumford stack M λ over C. The level associated to M λ is the finite index normal subgroup Γ λ := π 1 (M λ , a ′ ) of the Teichmüller group Γ g,n . A level structure M λ ′ dominates M λ , if there is a naturalétale morphism M λ ′ → M λ or, equivalently, Γ λ ′ ≤ Γ λ . To stress the fact that M λ is a level structure over M g,n , we will often denote it by M λ g,n .
The morphism p : M g,n+1 →M g,n (forgetting the last label) is naturally isomorphic to the universal curve over M g,n . One can then identify the fiber p −1 (a) with an n-punctured, genus g curve C {P 1 , . . . , P n }, where (C, P 1 , . . . , P n ) is a curve in the class determined by a ∈ M g,n . Denote by S g,n the Riemann surface underlying C {P 1 , . . . , P n } and fix a pointã ∈ S g,n . The morphism p is a Serre fibration and π 2 (M g,n ) = π 2 (T g,n ) = 0, so there is a short exact sequence on fundamental groups
By a standard argument this defines a monodromy representation:
From the above fibration, it follows also that there is a natural representation of Γ g,n in the group of homotopy (or equivalently isotopy) classes of self-homeomorphisms of the Riemann surface S g,n . Let us denote by Hom + (S g,n ) the group of orientation preserving self-homeomorphism S g,n and by Hom 0 (S g,n ) the subgroup consisting of homeomorphism homotopic (isotopic) to the identity. By a classical result in Teichmüller theory, the representation associated to the universal curve actually induces an isomorphism of the Teichmüller group with the so called mapping class group of S g,n :
Let us denote by Π g,n the fundamental group of S g,n based inã and give Π g,n the standard presentation:
where u i , for i = 1, . . . , n, is a simple loop around the puncture P i . For n ≥ 1, let A (g, n) be the group of automorphisms of Π g,n which fix the conjugacy classes of all u i . For n = 0, let instead A(g, 0) be the image of A (g, 1) in the automorphism group of Π g := Π g,0 . Finally, let I(g, n) be the group of inner automorphisms of Π g,n . With these notations, the representation ρ is faithful and gives a natural isomorphism Γ g,n ∼ = A(g, n)/I (g, n) .
The most natural way to define levels is provided by the above isomorphism. In general, for a subgroup Π λ ≤ Π g,n , which is invariant under A(g, n) (in such case we simply say that Π λ is invariant), it is defined a representation:
whose kernel we denote by Γ λ . When Π λ has finite index in Π g,n , then Γ λ has finite index in Γ g,n and is called the geometric level associated to Π λ . The corresponding level structure is denoted by M λ g,n .
Another representation can be defined for the mapping class group of surfaces with at least one labeled point Γ g,n+1 . The restriction to M g,n+1 of the tautological section s n+1 : M g,n+1 → M g,n+2 defines a natural faithful representation
which induces an isomorphism of Γ g,n+1 on the group Aut + (π 1 (S g,n , P n+1 )) of orientation preserving automorphisms of π 1 (S g,n , P n+1 ) preserving the conjugacy classes of simple loops around the punctures. An invariant subgroup Π λ ≤ π 1 (S g,n , P n+1 ) then defines a level, which we denote byΓ λ , as the kernel of the induced representation
Remark 1.1 Let us fix an isomorphism π 1 (S g,n , P n+1 ) ∼ = Π g,n . An invariant subgroup Π λ ≤ Π g,n then defines two distinct levels Γ λ andΓ λ in Γ g,n and Γ g,n+1 , respectively. Let p : Γ g,n+1 ։ Γ g,n be the epimorphisms induced forgetting P n+1 and q : Π g,n ։ Π g,n−1 the epimorphisms induced filling in the puncture P n on S g,n . Denote by Π q(λ) the invariant subgroup q(Π λ ) of Π g,n−1 , then one has:
A class of finite index invariant subgroups of the group Π g,n one can consider, in order to define geometric level structures, is that obtained from the lower central series, twisting by l-th powers. The lower central series is defined by Π
[1] := Π g,n and Π
l be the invariant subgroup of Π g,n spanned by l-th powers and define
We denote the corresponding levels and level structures by Γ [k] ,l and M [k],l . Of particular interest are the levels defined by the kernels of the representations:
They are denoted by Γ(m) and called abelian levels of order m. The kernel of the representation Γ g,n → Sp 2g (Z) is denoted by T g,n and called the Torelli subgroup of Γ g,n . Proof. This is a classical result by Serre (see [S1] ).
The usual way to compactify a level structure M λ over M g,n is to take the normalization of M g,n in the function field of M λ . A functorial definition can be given in the category of log schemes. Let ∂ be the logarithmic structure on M g,n associated to the normal crossing divisor ∂M := M g,n M g,n . One then defines a level structure over (M g,n , ∂) as a finite, connected, logétale cover
The log purity Theorem (see [Mo] ) implies that a level structure M λ over M g,n is canonically compactified by the level structure (M λ , ∂ λ ) over (M g,n , ∂), where M λ is the normalization of M g,n in the function field of M λ and ∂ λ is the logarithmic structure associated to the normal crossing divisor
On the other hand, it is also clear that any level structure over (M g,n , ∂) can be realized in this way. Proposition 1.1 then extends to these compactifications: Proof. For level structures over M g , see Corollary 3.6 in [D2] . For level structures over M g,n , this follows from the representability of the natural morphism M g,n → M g .
It is possible to describe explicitly, locally, the compactifications M λ . A neighborhood of a point x ∈ M λ is just the base of the local universal deformation of the fibre C x in x of the universal family C λ → M λ . Let us see how a neighborhood of x ∈ ∂M λ can be described.
Let B → M g,n be an analytic neighborhood of the image y of x in M g,n such that:
• local coordinates z 1 , ..., z 3g−3+n embeds B in C 3g−3+n as an open ball;
• C := π −1 (y) is the most degenerate curve in the pull-back C π → B of the universal family over B;
• anétale groupoid representing M g,n trivializes over B to Aut(C) × B ⇉ B.
Let {Q 1 , . . . , Q s } be the set of singular points of C and let z i , for i = 1, . . . , s, parametrize curves where the singularity Q i subsists. The discriminant locus ∂B ⊂ B of π has then equation
determined by the short exact sequence:
The group Gal(U λ /U) is the stabilizer of U λ in the Galois group Γ g,n /Γ λ of theétale cover
There is then a commutative diagram:
where ϕ is induced by the morphism U → M g,n , the homomorphism i is the obvious inclusion, and ρ λ is the composition of the universal monodromy representation with the projection Γ g,n → Γ g,n /Γ λ . Therefore π 1 (U λ ,ā) is the kernel of the induced representation
Let s 1 , . . . , s n be the sections of the universal family over M g,n and define C| U := C n i=1 s i (U). The representation ρ λ is then determined by the local monodromy representation associated to the family C| U → U, once the fiber over a is identified with S g,n . Let us then see in more detail how the local monodromy representation
associated to the family C| U → U, is defined. Since U is homotopic to the s-dimensional torus (S 1 ) s , the fundamental group π 1 (U, a) is abelian and freely generated by simple loops γ i around the divisors z i , for i = 1, . . . , s. Such loops can be lifted to disjoint loopsγ i , for i = 1, . . . , s, in S g,n , whose isotopy classes are uniquely determined and which become isotrivial when specialized to C. One can prove that γ i is mapped by ρ exactly in the element of Out(π 1 (S g,n ,ã)) determined by the Dehn twist τγ i aroundγ i , for i = 1, . . . , s. In particular, the representation ρ is faithful.
Let E Σ(C) be the free abelian group spanned by the edges of the dual graph Σ(C) of the stable curve C. The edges of the dual graph correspond to isotopy classes of circles in S g,n which become isotrivial specializing to C. The fundamental group π 1 (U, a), as well as its image in Γ g,n by ρ, can then be canonically identified with E Σ(C) . So the representation ρ λ can be written as
An almost complete description of local monodromy coefficients for the levels Γ [k] ,l is given in Theorem 3.1.3, [P-dJ] , and Theorem 3.3.3, [P2] . Let us recall their results. Let N Σ(C) and S Σ(C) be respectively the subgroups spanned by edges corresponding to nonseparating circles and by edges corresponding to separating circles. Let then S un Σ(C) be the subgroup of S Σ(C) spanned by edges corresponding to separating circles bounding a surface without punctures. Let instead P Σ(C) be the subgroup spanned by elements of the form e 1 − e 2 , where {e 1 , e 2 } corresponds to a cut pair on C. Eventually, denote by P un Σ(C) the subgroup of P Σ(C) spanned by elements corresponding to cut pairs bounding a surface without punctures. Let, for m, s positive integers, m s := m/ gcd(m, s).
Theorem (Pikaart-de Jong) 
2 The simplicial structure of the boundary Let us recall Knudsen's description of the Deligne-Mumford boundary of M g,n . Let
.., h n 1 } and K = {k 1 , k 2 , ..., k n 2 } be complementary subsets of {1, 2, ..., n} of cardinality n 1 and n 2 respectively. Let g 1 and g 2 be non-negative integers with g = g 1 + g 2 and satisfying the condition that n i ≥ 2 when g i = 0. There are finite morphisms
These morphisms can be described as follows.
) is the class of the curve obtained identifying to a node the labeled points P n+1 and P n+2 of C.
) is the class of the curve obtained from C 1 ∐ C 2 identifying to a node the two labels on C 1 and C 2 not included in H and K, respectively. These morphisms define closed substacks B 0 g,n and B g 1 ,g 2 ,H,K of M g,n , which are irreducible components of the boundary, and all the irreducible components of the boundary are obtained in this way.
More in general, for a point [C] ∈ M g,n , let C g 1 ,n 1 ∐ . . . ∐ C g h ,n h be the normalization of C, where C g i ,n i , for i = 1, . . . , h, is a genus g i smooth curve with n i labels on it (the labels include also the inverse images of singularities in C). Then, there is a natural morphism, which we call boundary map,
The image of M g 1 ,n 1 × · · · × M g h ,n h by β C parametrizes curves homeomorphic to C and is called a stratum. We denote the restriction of β C to M g 1 ,n 1 × · · · × M g h ,n h byβ C and call it a stratum map. In general, none of these morphisms is an embedding.
An extremely important application of the Deligne-Mumford compactification M g,n in Teichmüller theory is the construction of a boundary with corners for the Teichmüller space T g,n . Even though this construction was first realized without explicit use of the Deligne-Mumford compactification, it is only thanks to it that the construction acquires its full meaning.
Let Π C/R be the functor restriction of the scalars' field from C to R. Let us then take the blow-up of Π C/R (M g,n ) in Π C/R (∂M g,n ) and cut it along the exceptional divisor. The result is a real analytic stack with corners, denoted by M g,n and called the real oriented blow-up of M g,n in the Deligne-Mumford boundary. The natural projection M g,n → M g,n restricts over each codimension k stratum of M g,n to a bundle in k-dimensional tori. The inclusion M g,n ֒→ M g,n is a homotopy equivalence and then induces an inclusion of the respective universal covers T g,n ֒→ T g,n . From Proposition 1.2, it follows that T g,n is representable and, therefore, is a real analytic manifold with corners containing T g,n as an open dense submanifold. The ideal boundary of Teichmüller space is defined by
It is possible to give a complete description of the ideal boundary of Teichmüller space. By means of the results of Knudsen displayed above and Fenchel-Nielsen coordinates, one can prove that an irreducible component of ∂ T g,n lying over
Likewise, the intersection of k irreducible components, lying over the boundary map
Thus both the irreducible components of ∂ T g,n and their intersections are contractible. So ∂ T g,n is homotopically equivalent to the geometric realization of the nerve of its cover by irreducible components. By means of Fenchel-Nielsen coordinates, it can be described as the simplicial complex whose simplices are given by sets of distinct, non-trivial, isotopy classes of circles on S g,n (by a circle on S g,n , we mean a continuous degree one map S 1 → S g,n ), such that they admit a set of disjoint representatives none of them bounding a disc with a single puncture. This simplicial complex is commonly denoted by C(S g,n ) and called the complex of curves of S g,n . There is a natural simplicial action of Γ g,n on C(S g,n ) which is compatible with the action on ∂ T g,n .
Let
. Therefore, the quotient semi-simplicial complex
λ is the nerve of the cover of ∂ M λ by irreducible components and, thus, the nerve of the cover of ∂M λ by irreducible components. In particular, to a simplex µ ∈ C(S g,n ) is associated a boundary map β C to M g,n such that the specialization map S g,n → C has exactly the circles in µ as vanishing loops. Consider the fibred product
By logétale base change, one has that X is a normal D-M stack. So its connected components are irreducible and then in bijective correspondence with the simplices of C λ (S g,n ) in the orbit of µ by the action of Γ g,n /Γ λ . For a simplex σ, whose image in 
this sequence reduces to the familiar form
where the morphism ρ is the local monodromy representation of Section 1, and
where γ is the circle γ with a fixed orientation. In fact, a connected component of the fibred
Therefore the fundamental group of∆ σ is isomorphic to the subgroup of elements in Γ g,n which stabilize one of these connected components, preserving, moreover, the order of its factors. Hence π 1 (∆ σ ) ∼ = Z(σ) and, by the same argument, more in general
Similarly, the fundamental group of the stratum of M g,n in σ is isomorphic to the subgroup Γ σ of elements in Γ g,n which fix the simplex σ in C(S g,n ) and in general, one has
Let S σ {±} be the group of signed permutations of σ. There is an exact sequence
and the Galois group of the stratum mapβ
i.) Let σ ∈ C(S g,n ) be a simplex containing only separating circles. Then the boundary map δ
Proof. Let σ be a simplex in C(S g,n ). By the above criterion, a stratum mapδ
e. if and only if an element f ∈ Γ λ , which fixes the set σ, keeps fixed every circle in the set, preserving its orientation. On the other hand, a self-intersection in the boundary component of M λ determined by σ corresponds to a loop in the image of σ in C λ (S g,n ). A loop occurs in C λ (S g,n ) if and only if, for some f ∈ Γ λ and two distinct circles γ 0 and γ 1 in σ, one has that f (γ 0 ) = γ 1 . So, to prove that the boundary map δ λ σ → M λ is an embedding, it is enough to show that, for any two disjoint oriented circles γ 0 and γ 1 on S g,n , which differ either in the isotopy class or in orientation, there is no f ∈ Γ λ such that f ( γ 0 ) = γ 1 . In order to prove (i), we have to show that this is not possible when γ 0 and γ 1 are separating circles. Let us denote by S 0 and S 1 two disjoint submanifolds of S g,n such that γ 0 = ∂S 0 and γ 1 = ∂S 1 , respectively. If there is an f ∈ Γ λ such that f ( γ 0 ) = γ 1 , then the homeomorphism f maps S 0 on S 1 . If S 0 or S 1 are punctured, this is not possible. If they are unpunctured, then their genus is at least 1 and f acts non-trivially on the homology of S g , with any system of coefficients. Hence f / ∈ Γ λ ≤ Γ(m). For point (ii), observe that two distinct non-separating circles γ 0 and γ 1 are in the same orbit by Γ λ only if they are not isotopic, since elements in Γ(m), for m ≥ 3, preserve orientations. Then, observe that f
By the local monodromy representation for abelian levels (see Proposition 1.1), this may happen only if γ 0 and γ 1 define the same cycle in H 1 (S g , Z).
Assume that f is a homeomorphism such that f (
Observe that for any circle β on S g,n such that |< γ i , β >| = 1, where < , > is the cup product on S g , one has that τ −1
is a separating circle supported on S 2 . Since f preserves the cup product, the circle f −1 (β) has the same property. Let then α = τ
Therefore, the homeomorphisms f maps the separating circle α, supported on S 1 , in a separating circle supported on S 2 . Arguing like in the proof of (i), one concludes that f / ∈ Γ λ .
The boundary of abelian level structures
In this section, we are going to describe the boundary components of abelian level structures in terms of other simple geometric levels. Let us prove some preliminary lemma's.
Lemma 3.1 Let f : C → U be a flat, generically smooth curve over a connected analytic stack U. Let C u be the fibre over a point u ∈ U, and let alsoũ ∈ C u . There is then an exact sequence of groups:
Proof. It is clear that there is an epimorphism f * : π 1 (C) → π 1 (U), and that the kernel of f * is generated by all the loops contained in the fibres of f . One needs to show then that the loops can be displaced horizontally from one fibre to the other. This can be done over the open dense set in U where f is smooth, because there the family is, topologically, locally trivial. But this suffices, because in a flat family of curves there are specialization morphisms from smooth to singular fibres, inducing epimorphisms on fundamental groups.
n be a level structure whose branch locus is contained
in the boundary divisor β 0 (M g−1,n+2 ). Denote by p : Γ g,n → Γ g,n−1 the epimorphism induced filling in P n and let
, be two level structures as in i.). If there is a naturalétale morphism
Proof. Item (ii) follows directly from (i). So let us prove (i). We claim that the natural
g,n−1 is a fibration in smooth curves. There is a factorization
withφétale and π smooth. Thus φ is also smooth. In the Stein factorization of φ
g,n−1 , the morphism φ ′ has connected fibres and f is finite. Therefore f isétale. By definition of Γ p(λ) , the map induced on fundamental groups by φ is surjective. So the same is true for the morphism f which then is an isomorphism. Hence φ = φ ′ . In particular, we see that
g,n−1 is a flat family of semi-stable curves. Let S be a fibre of φ lying above a stable curve C ⊂ M g,n → M g,n−1 which is a tree of g elliptic curves. By the assumptions made on the branch locus of M λ g,n → M g,n , the induced cover S → C isétale. Therefore S is a tree of elliptic curves as well. Note that for any circle α on one of the component of S there is a degeneration of S in the family M λ g,n → M p(λ) g,n−1 , induced by a degeneration of C in the family M g,n → M g,n−1 , in which α is a vanishing loop.
From the exact sequence of groups
Let N be the kernel of the epimorphism Π g−1,n+2 ։ Π g−1,2 , induced filling in the punctures P 1 , . . . , P n . Let us define the invariant subgroup of Π g−1,n+2 :
and let Γ (m) 0 ≤ Γ g−1,n+2 be the corresponding level. Note that Γ (m) 0 = Γ [2] ,m , for n = 0. With these notations, one has
g,n be the associated boundary map. Then the morphism β
is an embedding and there is a natural isomorphism δ
ii.) Let γ be a non-separating circle on S g,n and β 
, classifying smooth n-pointed genus g curves C, provided with a symplectic isomorphism
2g . The homology of a singular n-pointed genus g curve of compact type C is also symplectically isomorphic to (Z/m) 2g and determines a symplectic decomposition of this module, according to the decomposition of C in irreducible components. Therefore, the stack defined in [D-M] can be naturally extended over curves of compact type in a way that its restriction over a stratum has a natural product structure, according to the product structure of the stratum itself. This proves thatδ
is normal, hence naturally isomorphic to the compactification of the level structure defined by theétale coverδ
. In Section 2, we have seen that there is a short exact sequence
Fix a homeomorphism S g,n γ ∼ = S g−1,n+2 which maps the punctures of S g,n in the first n punctures of S g−1,n+2 . There is then a monomorphism Π g−1,n+2 ֒→ Π g,n inducing a monomorphism
To prove that the two levels are the same, let us make use of Lemma 3.2.
Denote by p : Γ g−1,n+2 → Γ g−1,n+1 the epimorphism induced filling in P n+2 and by Γ λ the level in Γ g−1,n+1 given by the subgroup p(π 1 (δ
It remains to prove that the morphism δ
g−1,n+2 isétale and that the branch loci of both levels over M g−1,n+2 are contained in the divisor β 0 (M g−2,n+4 ). By (i), it is enough to prove both statements for n = 0, where they follow from Theorem 1.1.
Relative pro-ℓ completions of Γ g,n
For g ≥ 3, the Teichmüller group Γ g,n is perfect, so its pro-ℓ completion is trivial. Therefore, we will consider completions of Γ g,n which are pro-ℓ group only virtually. Definition 4.1 Let ℓ be a prime number and 2g − 2 + n > 0. A pro-ℓ completion of the Teichmüller group Γ g,n , relative to the natural representation
The relative pro-ℓ completion of Γ g,n , which, abusing notations, we denote by Γ (ℓ) g,n , is then the finest completion with the above property, i.e. the profinite completion of Γ g,n which fits in the short exact sequence
where Γ(ℓ) (ℓ) here denotes the actual pro-ℓ completion of Γ(ℓ).
Let ℓ be a prime number and 2g − 2 + n > 0. Let us define the following profinite completions of Γ g,n and Γ g,n+1 , respectively:
By Remark 1.1, there is a natural continuous epimorphismΓ g,n+1 → Γ g,n+1 .
Note thatΓ g,n and Γ g,n+1 can be realized, respectively, as the closure of Γ g,n in Out(Π (ℓ) g,n ) and as the closure of Γ g,n+1 in Aut(π 1 (S g,n , P n+1 ) (ℓ) ) (see Proposition 4.4.3 in [R-Z]). Moreover, by Proposition 4.5.1 in [R-Z], there is a short exact sequence 1 →Ť g,n →Γ g,n → Sp 2g (Z ℓ ) → 1, whereŤ g,n is a torsion free pro-ℓ completion of the Torelli group T g,n . Since the kernel of the natural homomorphism Sp 2g (Z ℓ ) → Sp 2g (Z/ℓ) is also a pro-ℓ group (torsion free for ℓ ≥ 3), it follows thatΓ g,n (and then also Γ g,n+1 ) is a relative pro-ℓ completion of Γ g,n (respectively, Γ g,n+1 ). In particular, there is a natural continuous epimorphism Γ (ℓ) g,n →Γ g,n .
Remark 4.1 The completion Γ (ℓ) g was already considered by Hain and Matsumoto in §8.5 of [H-M] , where it is denoted by Γ ℓ g . Its relation with the the Malcev completion G g over Q ℓ of Γ g relative to the standard representation Γ g → Sp g (Z) is then considered.
The closure of Γ g in G g is also a relative pro-ℓ completion of Γ g,n and therefore less fine than Γ (ℓ) g,n (but it is not clear whether strictly).
Let us describe the behavior of some particular relative pro-ℓ completions with respect to the natural short exact sequence 1 → Π g,n → Γ g,n+1 → Γ g,n → 1.
induces on the subgroup Π g,n ≤ Γ g,n+1 the pro-ℓ completion. Therefore the same is true for any relative pro-ℓ completion of Γ g,n+1 finer than Γ g,n+1 .
Proof. The first statement is well known (see [As] ). The second one follows from the definition of relative pro-ℓ completion and the fact that Π g,n is contained in Γ(ℓ) ≤ Γ g,n+1 .
One has then Proposition 4.1 There are natural short exact sequences of profinite groups In the context of Galois cohomology, the definition of the relative pro-ℓ completion becomes very natural. Let G ′ be a profinite completion of a discrete group G. For a discrete G ′ -module A, there is a natural map from the Galois cohomology of G ′ with coefficients in A to the cohomology of G with coefficients in A. If this map is an isomorphism when G ′ is the profinite completionĜ of G and A is any finiteĜ-module, then the group G is good (see exercises 1 and 2 in Section 2.6 of [S3] ). At the end of [Oda] , it is asked whether Γ g,n is a good group, it is remarked that this is actually the case when the genus is less or equal to 2. This question is then related to theétale homotopy type of the stack M g,n (see [A-M] ). A similar question can be formulated when, instead of the profinite completion, one considers the relative pro-ℓ completion Γ
′ be a homomorphism of a discrete group G in a profinite group G ′ , with dense image. One says that G is ℓ-good with respect to the completion G ′ if the induced map on cohomology i ♯ :
is an isomorphism for all i ≥ 0 and every discrete ℓ-primary torsion G ′ -module A (see Definition 6.5 in [A-M]) .
Let G → G ′ be as above, then, restricting to ℓ-primary coefficients in exercise 1 in Section 2.6 of [S3] (here we denote by C n property D n in [S3] ), one gets Lemma 4.2 The following properties are equivalent
is bijective for i ≤ n and injective for i = n + 1.
One has also the following elementary fact.
Proof. The lemma follows easily from Lemma 2, §3, in [S2] .
A virtual pro-ℓ completion of G is a virtual pro-ℓ group G ′ together with a homomorphism with dense image i : Proof. When G ′ is the pro-ℓ completion of G, this is just Lemma 4.3, since, for pro-ℓ groups, one can restrict to trivial coefficients. In general, it follows from Hochschild-Serre spectral sequence and Shapiro's Lemma.
The relative pro-ℓ completion Γ (ℓ) g,n is, by definition, virtually the pro-ℓ completion of Γ g,n . Therefore the homomorphism Γ g,n → Γ Proof. For n ≥ 1, see exercise 2, §2.6 in [S3] . For n = 0, see exercise 2, §4.5, [S3] .
The good functorial properties of the relative pro-ℓ completion already proved yield:
Proposition 4.4 Let g = 0, 1 and 2g − 2 + n > 0, then the Teichmüller group Γ g,n is ℓ-good with respect to the relative pro-ℓ completion.
Proof. According to Proposition 4.1, there is a short exact sequence
So, by Hochschild-Serre spectral sequence and Proposition 4.3, for g = 0, one is reduced to the case n = 3 and, for g = 1, one is reduced to the case n = 1. The genus 0 case then follows from the fact that Γ 0,3 = {1}. As to genus 1, one has Γ 1,1 ∼ = SL 2 (Z) and there is a commutative diagram with exact rows
In the above diagram, F is a finitely generated free group for ℓ ≥ 3, while, for ℓ = 2, it is a central extension of a finitely generated free group by Z/2. In any case, the completion F → F (ℓ) is ℓ-good. Therefore, by Hochschild-Serre spectral sequence and Proposition 4.3, the group Γ 1,1 is ℓ-good with respect to the completion Γ Proof. As above, one reduces to the case n = 0. There is a natural morphism of DeligneMumford stacks M 2 → M 0, [6] , where M 0, [6] is the moduli space of smooth genus 0 curves with six unordered labels. This is defined sending a point [C] ∈ M 2 in [C/ι, P 1 , . . . , P 6 ] ∈ M 0, [6] , where ι is the hyperelliptic involution and P 1 , . . . , P 6 are the branch points of the quotient morphism C → C/ι. Let Γ 0, [6] be the fundamental group of M 0, [6] , it is a classical result that the above morphism induces a short exact sequence
Moreover, the homomorphism π maps a Dehn twist around a non-separating curve α on S 2 to half a Dehn twist around the image of α in S 2 /ι, and a Dehn twist around a separating curve β on S 2 to a Dehn twist around the image of β in S 2 /ι. The group Γ 0,[6] , on its turn, fits in the short exact sequence
By Proposition 3.2 in [B-P], the subgroup Γ(2) < Γ 2 is generated by 2-th powers of all Dehn twists and by Dehn twist around separating circles. Therefore, since Γ 0,6 is exactly the subgroup of Γ 0, [6] generated by all the Dehn twists, π(Γ(2)) = Γ 0,6 and Γ (2) 2 induces on Γ 0,6 the pro-2 completion Γ (2) 0,6 . By Proposition 4.4, the group Γ 0,6 is 2-good with respect to this completion and then, by Hochschild-Serre spectral sequence, the group Γ 2 is 2-good with respect to the relative pro-2 completion.
Profinite curve complexes
In Section 2, we introduced the simplicial complex C(S g,n ) and gave a geometric interpretation of it. Let us now introduce the complex of non-separating curves C 0 (S g,n ). It is defined as the subcomplex of C(S g,n ) whose simplices are sets {v 0 , . . . , v k } of distinct isotopy classes of non separating circles on S g,n , such that S g,n {v 0 , . . . , v k } is connected. It is a simplicial complex of dimension g − 1 (hence not depending on n) and has a geometric interpretation similar to that of C(S g,n ). are all contractible, the geometric realization of C 0 (S g,n ) is homotopy equivalent to ∂ T 0 g,n . The curve complexes C(S g,n ) and C 0 (S g,n ) play a central role in the proof of most of the known cohomological properties of Teichmüller groups (stability and cohomological dimension in particular) and so of moduli spaces of curves. The basic fact about them is their high connectivity. In [Ha1] , J. Harer proved that, for g ≥ 2, the geometric realization of the simplicial complex C 0 (S g,n ) is homotopy equivalent to a wedge of (g −1)-dimensional spheres. In [Ha2] , he proved the analogue result for C(S g,n ). For g ≥ 2 (the only case we will need), it asserts that the geometric realization of the simplicial complex C(S g,n ) is homotopy equivalent to a wedge of (2g − 2)-dimensional spheres for n = 0 and to a wedge of (2g − 3 + n)-dimensional sheres for n ≥ 1.
To any given profinite completion Γ ′ g,n of Γ g,n , defined by a tower {Γ λ } λ∈Λ of levels of Γ g,n , one can associate the profinite semi-simplicial complexes
together with natural maps C(S g,n ) → C ′ (S g,n ) and C 0 (S g,n ) → C ′ 0 (S g,n ), which have dense images.
Proposition 5.1 Let Γ ′ g,n be a profinite completion of Γ g,n , defined by a tower of levels
n is injective if and only if the induced map i
Proof. Let us assume first i : Γ g,n → Γ ′ g,n is injective. Let then α, β ∈ C(S g,n ) 0 and let τ α , τ β be the corresponding Dehn twists in Γ g,n . Suppose that i * (α) = i * (β). This means that for every λ ∈ I there is an f λ ∈ Γ λ , such that f λ (α) = β. From the identity
λ for every λ ∈ Λ and then i(τ α ) = i(τ β ). Since i is injective, one has α = β.
For the other direction, we need a remark by N. Ivanov (see [Iv] ). There is a natural representation r : Γ g,n → Aut(C(S g,n )) whose kernel is exactly the center of Γ g,n . It is known that for g ≥ 3, g = 0 and n ≥ 4, g = 2 and n ≥ 1 or g = 1 n ≥ 2 the center of Γ g,n is trivial. For g = 2 and n = 0 or g = 1 and n ≤ 2 instead, the center is isomorphic to Z/2 and is generated by the hyperelliptic involution.
Let then Aut(C(S g,n ) ′ ) be the group of continuous automorphisms of the profinite semi-simplicial complex C(S g,n )
′ . It is a profinite group and there is a natural continuous representation r :
it follows that ker i ≤ ker r. Since Γ(m), for m ≥ 3, does not contain torsion elements, one has that ker r injects in Γ ′ g,n , therefore ker i = {1}.
In the cases which are of interest for us the map i * : C(S g,n ) → C ′ (S g,n ) turns out to be injective, as follows from the proposition below.
Proposition 5.2 Let 2g − 2 + n > 0 and assume n ≥ 1 when g = 2, then the natural homomorphism Γ g,n →Γ g,n is injective.
Proof. By Proposition 4.8, Ch. I, in [L-S] , a free group F is conjugacy separable by its ℓ-quotients. Moreover, by Lemma 1 in [Gros] , an automorphism α of F such that α(f ) is conjugate to f for every f ∈ F is inner. Therefore, for n ≥ 1, the homomorphism Γ g,n →Γ g,n is injective. 
By a classical result of Labute (see [La] ), the Lie algebra u g of Π g is torsion free. Therefore, the Malcev completion U(Π g ) of Π g is a proalgebraic prounipotent group defined over Z and lim
is naturally identified to the group of its Z-valued points.
According to Corollary A.8 in [H-M] , the Lie algebra of the outer automorphism group Out(U(Π g )) is naturally isomorphic to the Lie algebra of continuous outer derivations of u g . Therefore, Out(U(Π g )) is also defined over Z. Thus, lim
subgroup of the Z-valued points of Out(U(Π g )) andΓ g with a subgroup of the Z ℓ -valued points of Out(U(Π g )). Hence, the above statement follows.
In Section 2, we have seen that the simplicial complex C(S g,n ) describes the nerve of the ideal boundary of the Teichmüller space T g,n . The k-skeleton C(S g,n )
(k) of C(S g,n ) has a similar interpretation. Let M(k) g,n be the moduli stack of stable n-pointed genus g curves with at most (k + 1)-singularities and let M(k) g,n be the real oriented blow-up of M(k) g,n in the locus parametrizing singular curves. The embedding M g,n ֒→ M(k) g,n is a homotopy equivalence. Therefore, at the level of universal covers, it is also induced an embedding T g,n ֒→ T (k) g,n and the simplicial complex C(S g,n )
(k) is the nerve of the cover of the boundary ∂ T (k) g,n := T (k) g,n T g,n by irreducible components. Moreover, as in the case of the full curve complex, one sees that ∂ T (k) g,n is homotopy equivalent to the geometric realization of C(S g,n ) (k) . Likewise, the semi-simplicial complex
,n by irreducible components and, therefore, also the nerve of the cover of the boundary divisor ∂M(k)
For a semi-simplicial complex X, let us denote (as usual) its geometric realization by |X|. It is a CW -complex such that the k-cells |X| 
|X|
(k−1) are naturally in bijective correspondence with the k-simplices X k . We define the homology and cohomology groups of X as those of its geometric realization |X|.
Lemma 5.1 Let Γ ′ g,n be a profinite completion of Γ g,n , defined by a tower of levels Λ, such that the natural map C(S g,n ) → C ′ (S g,n ) is injective. Let, moreover, h be the homotopy dimension of C(S g,n ). Then, there is a final subsystem I of Λ, such that the induced map
Proof. The proof is based on the following lemma.
Lemma 5.2 For any level λ and 1 ≤ k ≤ h, one has
Proof. This follows from the fact that ∂ T (k) g,n is homotopy equivalent to C(S g,n ) (k) .
By Lemma 5.2, for k ≥ 1, there is a natural epimorphism π 1 (∂ M(k) λ g,n ) ։ Γ λ (which is an isomorphism for k ≥ 2) and one then observes that
has the homotopy type of a relative finite CW -complex with cells of dimension greater than k, it follows that
(k) ). By hypothesis, there exist a level µ k in Λ, such that, for any level λ ∈ Λ dominating µ k , the restriction of π λ to the supports of the cycles {e j } j∈J is injective. For such λ, the image of
) is generated by primitive elements.
) is torsion free, by universal coefficients, it is then enough to prove that the homomorphism π *
is injective for all λ.
By Lemma 5.2, the Hurewicz map
is surjective for i ≤ k + 1. So, there is a commutative diagram with exact rows
By the mixed Hodge theory of punctured neighborhoods (see Remark 5.1), there is a canonical mixed Hodge structure on the cohomology of ∂ M(k) λ g,n , such that i * is a morphism of mixed Hodge structures and
,n is smooth, the image of i * has weight at least k ≥ 2. Therefore the homomorphism π * λ is injective. Now, the lemma follows letting I := {λ ∈ Λ λ dominates µ i for 1 ≤ i ≤ h}.
Remark 5.1 Theorem 3.2 in [Du] claims the existence of such mixed Hodge structure for the punctured neighborhood T * of a subvariety T of a complex projective variety Y . However, by the theory of hypercoverings (see [D1] ), it is clear that any complex algebraic variety admits a topological mixed Hodge structure, as defined in [Du] , and then Theorem 3.2 in [Du] extends trivially to the case in which Y is a quasi-projective variety.
Let {X λ } λ∈Λ be a tower of finite CW -complexes. Let us define homology and cohomology groups for the profinite CW -complex X := lim
For a profinite abelian group A, let
With the induced topology, it is a profinite abelian group. For A =Ẑ, let us denote this group simply by H i (X).
For a discrete torsion abelian group M, let
With the induced topology, it is a discrete torsion abelian group. There are universal coefficient theorems both for homology and cohomology. They are derived from the ordinary ones taking, respectively, inverse and direct limits (the inverse limit functor is exact when restricted to profinite groups). Moreover, denoting by ( ) * the Pontryagin duality functor, one has a natural isomorphism
Given a profinite semi-simplicial set X = lim Theorem 5.1 Let Γ ′ g,n be a profinite completion of Γ g,n , defined by a tower of levels Λ, such that the natural map C(S g,n ) → C ′ (S g,n ) is injective. Let h be the homotopy dimension of C (S g,n ) . Then, the tower {C λ (S g,n )} λ∈Λ of finite CW -complex is (h − 1)-connected, in the pro-homotopy category, and the natural homomorphism
Proof. The fundamental group of the 1-skeleton of a CW -complex is a free group which naturally surjects on the fundamental group of the full CW -complex. Thus, by Lemma 5.1, one has that, for λ ∈ I, the natural homomorphism π 1 (C(S g,n ) ) → π 1 (C λ (S g,n )) is surjective and then π 1 (C λ (S g,n )) = {1}, if h > 1, for λ ∈ I. In general, for 1 ≤ i ≤ h, consider the commutative diagram
the vertical maps are always surjective and, by Lemma 5.1, the homomorphism π λ (i) * is surjective for λ ∈ I, a final subsystem of the tower Λ. Therefore, the homomorphism π λ * is surjective under the same conditions. Thus, one has H i (C λ (S g,n )) = 0, for 0 < i < h and λ ∈ I, and the natural homomorphism n ) ) has dense image.
Corollary 5.1 In the hypotheses of Theorem 5.1, for any torsion abelian group A and
Remark 5.2 By Proposition 5.1 and Proposition 5.2, the relative pro-ℓ completion of Γ g,n satisfies the hypotheses of Theorem 5.1 for g ≥ 3, g = 2 and n ≥ 1, and for g = 0, 1 when h ≥ 2.
Proceeding as above, one can prove similar results for the curve complex C 0 (S g,n ). We state them only for cohomology. Let us remark that, in this case, the homotopy dimension coincides with the dimension, which is g − 1, of the simplicial complex.
In the hypotheses of Theorem 5.1, one has
, A) = 0, for any torsion abelian group A and i = 0, g − 1. Moreover, the natural homomorphism
Equivariant cohomology and stabilizers
Let {X λ } λ∈Λ be a tower of finite CW -complexes and let X = lim ←− X λ . Suppose given a continuous, cellular action G × X → X of a profinite group, with open orbits, i.e. the group G acts continuously on the profinite sets of k-cells
) and the X k decompose in finite sets of G-orbits, for all k ≥ 0.
Let A be a discrete torsion G-module. The equivariant cohomology groups H
• G (X, A) of the pair (G, X) are then defined as the hypercohomology of the group G with coefficients in the cochain complex of continuous homomorphisms Hom(C • (X), A), where one puts
). As in the case of a cellular action of a discrete group on a CW -complex (see Chap. VII in [Br] ), one has two standard spectral sequences, which can be derived either by a direct limit argument from the discrete case or by a straightforward computation.
Let Σ p be a set of representatives for the G-orbits in X p and denote by G σ the stabilizer of σ ∈ Σ p . Given a discrete torsion G-module A, let A σ := A ⊗ Z σ , where Z σ is the G σ -module additively isomorphic to Z on which G σ operates by the orientation character associated to the pro-cell σ (an orientation of a pro-cell σ = {σ λ } λ∈Λ is determined by the orientation of any of its components σ λ ). With the above notations, one has the spectral sequences
0 (S g,n ) be the profinite semi-simplicial sets associated to the relative pro-ℓ completion of Γ g,n . In the next section, we will compare the equivariant cohomologies of the pairs (Γ (ℓ) g,n , C (ℓ) (S g,n )) and (Γ g,n , C(S g,n )). In this section, we will instead describe the stabilizers for all the actions involved. The stabilizers Γ σ for the action of Γ g,n on C(S g,n ) have already been described in Section 2. One would like to have a similar description for the stabilizers Γ
are just the closures of the orbits of Γ g,n in C (S g,n ) . Moreover, from the Galois theory of theétale covers M λ → M g,n (see Section 2) it follows that the natural homomorphisms Γ σ → Γ (ℓ) σ have dense images. Let us begin describing the stabilizers of 0-simplices in C
0 (S g,n ).
Theorem 6.1 Let g ≥ 3. Let γ be a non-separating circle on S g,n and denote by Z(γ)
There is a short exact sequence
Proof. In Section 2, we saw that there is a short exact sequence:
From the local monodromy description of the levels Γ [k],ℓ s (see Theorem 1.1), it follows easily that the closure of the subgroup Z · τ γ in Z(γ) (ℓ) is the pro-ℓ group Z ℓ · τ γ . One then has to determine which completion is induced on Γ g−1,n+2 by Z(γ) (ℓ) via the above epimorphism. The idea is to use Lemma 4.3. The first step is the following:
Proof. Let us consider the first spectral sequence of equivariant cohomology for the pairs (Γ g,n , C 0 (S g,n )) and (Γ
0 (S g,n )). Since the actions are transitive in all dimensions, one has, for a discrete ℓ-primary torsion Γ (ℓ) g,n -module A,
We claim that d
γ , A). This follows from the explicit description of the differentials of the above spectral sequences. For it, we refer to §8, Chap. VII, in [Br] (even though there everything is stated for homology). Let us consider it for d 1 (as tod 1 , everything works just the same). Put γ 0 = γ and let γ 1 be another non-separating circle on S g,n such that γ 0 ∩ γ 1 = ∅ and S g,n {γ 0 , γ 1 } is connected. Put then σ := {γ 0 , γ 1 } and let Γ σ be the subgroup of Γ σ formed by homeomorphisms which preserve σ as an ordered set. One has
where the homomorphism tr :
is the transfer map, the homomorphism res i :
, is the restriction map (observe that A ∼ = A σ as Γ σ -modules), and inn(f )
is the isomorphism induced by conjugation, by an f ∈ Γ g,n such that f (γ 1 ) = γ 0 , together with the compatible isomorphism A → A, defined by a → f −1 · a. Conjugation by f , together with the Γ σ -module map A σ → A σ , defined by a → f −1 · a, induces also an automorphism of H q (Γ σ , A σ ), which we denote by inn(f ) * too. Observe that f acts non trivially on Z σ , therefore, it follows that res 1 • inn(f )
there is an involution ι of S g,n , such that {γ, ι(γ)} ∈ C 0 (S g,n ) and the group Γ σ is the semidirect product of < ι > and Γ σ . Let us take γ 1 = ι(γ) and f = ι. From the definition of the transfer map, it follows that tr = tr • inn(ι) * and then d 0q 1 = 0, as claimed. The low degree terms' exact sequences of the two above spectral sequences and the natural homomorphism Γ g,n → Γ (2) g,n give a commutative diagram with exact rows 0 →Ê
Since, for every simplex σ, the image of Γ σ is dense in Γ 
g,n , A). Hence, ψ 1 is an isomorphism. Thus, in order to prove thatÊ 01 2 → E 01 2 is an isomorphism, one has to show that ψ 2 is injective. This is obvious for g > 3, for in this case, Harer's Theorem and Theorem 5.2, give also the isomorphisms
, from the second spectral sequence of equivariant cohomology, one gets a commutative diagram with exact rows
By Theorem 5.2, the right vertical map is injective, and the one on the left is injective by Lemma 4.2. Therefore, ψ 2 is injective too. In order to prove the second statement of the lemma, let us observe the following general fact. Let G be a profinite group, then every ℓ-primary torsion G-module A can be embedded in an injective ℓ-primary torsion G-module I, which restricts to an injective H-module for every closed subgroup H ≤ G. Let indeed T be a left transversal to H in
. So, every profinite ℓ-primary G-module admits an epimorphism from a projective which restricts to projectives for closed subgroups. By Pontrjagin duality, one then has the dual statement for torsion ℓ-primary G-modules.
Let A be a torsion ℓ-primary Γ
g,n -module and I an injective containing A with the above property. Consider the short exact sequence 0 → A → I → Q → 0. By the long exact cohomology sequence associated to it and the first part of the lemma, one has the isomorphisms
, and a monomorphism
The next step is given by the following lemma Lemma 6.2 Let Γ ′ g,n be a relative pro-ℓ completion of Γ g,n and γ a non-separating circle on S g,n . Let us denote by
Proof. The only thing to prove is that Γ ′ g−1,n+2 induces on the abelian level
is a pro-ℓ group, one has to show that the index of π(Z(γ) ∩ Γ g,n (ℓ)) in
Proceeding like at the end of §2, in [Mo] , one defines an abelian representation
where we let H := Π g−1,n+2 /Π [2] , whose kernel is exactly Γ (ℓ) 0 g−1,n+2 . Therefore, there is a monomorphism of Γ g−1,n+2 (ℓ)/Γ (ℓ) 0 g−1,n+2 in the ℓ-group Hom(H, K) and the lemma follows.
By Lemma 6.2, in order to prove the theorem, one then has to show that, virtually, Z(γ) (ℓ) is the pro-ℓ completion of Z(γ). Since the group Z(γ)∩Γ(ℓ) has index ℓ k in Γ γ ∩Γ(ℓ) (with k = 1 for ℓ = 2 and k = 0 for ℓ > 2), it is enough to show that Γ
Associated to the open subgroup Γ(ℓ)
g,n and to the trivial Γ(ℓ) (ℓ) -module Z/ℓ, one has the coinduced Γ
Γg,n (Z/ℓ).
Let J be the finite set of left cosets of the image of Γ
(Z/ℓ). Therefore, Shapiro's Lemma and Lemma 6.1 imply that the natural map
is an isomorphism for i = 1 and a monomorphism for i = 2. The theorem now follows from Lemma 4.3.
In the proof of Theorem 6.1, the hypothesis g ≥ 3 was essential. Hence, in order to describe the stabilizers of 0-simplices for g = 1, 2, one needs to find ad hoc arguments.
Lemma 6.3 Let Γ ′ g,n , for n ≥ 1, be a relative pro-ℓ completion of Γ g,n finer than Γ g,n . Let γ be a non-separating circle on S g,n and denote by Z(γ)
′ the closure of
Proof. Let {P 1 , . . . , P n } be a fixed set of points on S g and {Q 1 , . . . , Q n+2 } a fixed set of points on S g−1 . Let then S g,n−1 := S g {P 1 , . . . , P n−1 } and S g−1,n+1 := S g−1 {Q 1 , . . . , Q n+1 }. Let us choose a homeomorphism S g,n−1 γ ∼ = S g−1,n+1 sending the base point Q n+2 of the fundamental group π g−1,n+1 of S g−1,n+1 to the base point P n of the fundamental group π g,n−1 of S g,n−1 . It induces a monomorphism π g−1,n+1 ֒→ π g,n−1 . Let
The level Γ λ g,n is defined as the kernel of the representation Γ g,n → Aut + (π g,n−1 /π λ g,n−1 ). One then easily checks that
By the Freiheitssatz for pro-ℓ groups (see [Ro] ), one has that the pro-ℓ completion of π g,n−1 induces on the subgroup π g−1,n+1 the pro-ℓ completion, i.e. the tower of normal finite index subgroups {π λ k,s } k,s>0 induce the pro-ℓ completion on π g−1,n+1 . Therefore, from the above inclusion, it follows that the completion Γ ′ g−1,n+2 is finer than Γ g−1,n+2 .
Proposition 6.1 Let γ be a non-separating circle on S 1,n , then the closure Z(γ) (2) of the group Z(γ) in Γ (ℓ) 1,n fits in the short exact sequence
Proof. The proposition is a straightforward consequence of Theorem 1.1, Lemma 6.2, Lemma 6.3 and Remark 4.2.
For g = 2, the only case we carried out was for ℓ = 2.
Proposition 6.2 Let γ be a non-separating circle on S 2,n , then the closure Z(γ) (2) of the group Z(γ) in Γ (2) 2,n fits in the short exact sequence
1,n+2 → 1. Proof. From Theorem 1.1, it follows that the closure of the subgroup Z · τ γ in Z(γ) (2) is the pro-2 group Z 2 · τ γ .
Thus, to prove the proposition, one has to determine the completion which Z(γ) (2) induces on Γ 1,n+2 via the epimorphism Z(γ) → Γ 1,n+2 . Let us denote it by Γ ′ 1,n+2 . By Lemma 6.2 and Lemma 6.3, Γ ′ 1,n+2 is a relative pro-2 completion of Γ 1,n+2 finer than the completion Γ 1,n+2 . Therefore, by Lemma 4.1, it fits in a short exact sequence
1,n+1 . Let p : S 2,n → S 2,n−1 the map obtained filling in P n . Let us denote by Γ
2,n−1 via the natural epimorphism Z(p(γ)) → Γ 1,n+1 . There is a continuous epimorphism Γ 1,1 . Since the natural epimorphism Z(γ) ։ Γ 1,1 restricts to an epimorphism Z(γ) ∩ Γ 2 (2) ։ Γ 1,1 (2) , one has to show that the completion which Z(γ) (2) 
induces on Γ 1,1 (2) via the above epimorphism is the pro-2 completion. As we saw in the proof of Proposition 4.5, there is a morphism of stacks M
2 → M 0,6 , defined by C → C/ι, where ι is the hyperelliptic involution, which determines a short exact sequence
Likewise, there is a morphism of stacks M
1,1 → M 0,4 , defined similarly, which determines a short exact sequence
Let us assume ι(γ) = γ. There is a natural homomorphism Γ 0,6 → Γ 0,4 corresponding to forgetting the two branch points of C → C/ι lying on the image of the circle γ. By the two above short exact sequences, this also defines an epimorphism Γ 2 (2) → Γ 1,1 (2), through which the epimorphism Z(γ) ∩ Γ 2 (2) → Γ 1,1 (2) factors. The completion induced by Γ 2 (2) (2) on Γ 1,1 (2) via the epimorphism Γ 2 (2) → Γ 1,1 (2) is the pro-2 completion. Therefore, also the completion which Z(γ) (2) ∩ Γ 2 (2) (2) induces on Γ 1,1 (2), via the epimorphism Z(γ) ∩ Γ 2 (2) → Γ 1,1 (2) , is the pro-2 completion.
Putting everything together, one has, for ℓ = 2: Theorem 6.2 Let σ ∈ C 0 (S g,n ) be a (h − 1)-simplex and denote by Z(σ) (2) the closure of
g−h,n+2h → 1.
Proof. From Theorem 1.1, it follows that the closure of the subgroup γ∈σ Z·τ γ in Z(γ) (2) is the pro-2 group γ∈σ Z 2 ·τ γ . Let us determine then the completion which Z(σ) (2) induces on Γ g−h,n+2h via the epimorphism Z(σ) → Γ g−h,n+2h .
By Theorem 6.1, Proposition 6.2 and Proposition 6.1, the theorem is proved for 0-simplices. One then proceeds by induction on the dimension of σ. Let us suppose the statement of the theorem proved up to (h − 1)-simplices and let us prove it for h-simplices.
and, by the inductive hypothesis, Z(σ ′ ) (2) induces on Γ g−h,n+2h the relative pro-2 completion. The circle γ on S g,n determines one on S g−h,n+2h ∼ = S g,n σ ′ and then a subgroup
it follows that Z(σ) (2) induces on Γ g−h−1,n+2h+2 the same completion induced by Z(γ) (2) , i.e., by induction, the relative pro-2 completion.
Let us come now to the main theorem of this section, describing the stabilizers of Γ (2) g,n for arbitrary simplices in C(S g,n ). As a preliminary result, we need an analogue of Lemma 6.2 and Lemma 6.3 for separating circles.
Lemma 6.4 Let Γ ′ g,n , for n ≥ 1, be a relative pro-ℓ completion of Γ g,n finer than Γ g,n . Let α be a separating circle on S g,n , such that S g,n α ∼ = S g 1 ,n 1 +1 S g 2 ,n 2 +1 , and let Z(α)
′ be the closure of
and one of the two projections, is a relative pro-ℓ completion finer than Γ g i ,n i +1 .
Proof. Theorem 3.1 implies that Γ ′ g i ,n i +1 is a relative pro-ℓ completion of Γ g i ,n i +1 , for i = 1, 2. To prove that this completion is finer than Γ g i ,n i +1 , one proceeds like in the proof of Lemma 6.3.
g,n . Then there is a short exact sequence
Proof. From Theorem 1.1, it follows that the closure of the subgroup γ∈σ Z·τ γ in Z(γ) (2) is the pro-2 group γ∈σ Z 2 · τ γ . Proceeding like in the proof of Theorem 6.2, it is enough to prove the rest of the theorem just for 0-simplices. So let α be a separating circle on S g,n such that S g,n α ∼ = S g 1 ,n 1 +1 S g 2 ,n 2 +1 . Let us denote by Γ ′ g i ,n i +1 the completion which Z(σ) (2) induces on Γ g i ,n i +1 via the epimorphism Z(σ) ։ Γ g 1 ,n 1 +1 ×Γ g 2 ,n 2 +1 and the projection Γ g 1 ,n 1 +1 ×Γ g 2 ,n 2 +1 → Γ g i ,n i +1 , for i = 1, 2. By Lemma 6.4, it is a relative pro-ℓ completion. So, one has to prove that Z(α) (2) is virtually the pro-2 completion of Z(α). One can proceed by induction on n.
Let p : S g,n → S g,n−1 be the map defined filling in the puncture P n on S g,n and assume P n ∈ S g 1 ,n 1 +1 . Then there is a short exact sequence
induced by the corresponding epimorphism p : Γ g,n → Γ g,n−1 . By Lemma 6.4 and Lemma 4.1, the group Z(α) (2) fits in the short exact sequence
and the epimorphism p : Γ (2) is virtually the pro-2 completion of the group Z(p(α)), then Z(α) (2) is virtually the pro-2 completion of the group Z(α). Induction on n then yields the theorem for g ≤ 1 and, for g ≥ 2, one can assume n = 0. For g = 2, the methods used in the proof of Proposition 6.2 work also for a separating circle. For g ≥ 3, the idea is to use Lemma 4.3 and induction on the genus.
So, let us assume the theorem is proved for genus less than g (with g > 2) and let us prove it for genus g. Let then α be a separating circle on S g such that S g ∼ = S g 1 ,1 S g 2 ,1 . By Proposition 6.1, to prove that Z(α) (2) is virtually the pro-2 completion of Z(α), one has to show that for any discrete 2-primary torsion Z(α) (2) -module A the induced map H 1 (Z(α) (2) , A) → H 1 (Z(α), A) is an isomorphism. Let us compare the spectral sequences of equivariant cohomology for (Z(α), C 0 (S g 1 ,1 )) and (Z(α) (2) , C ′ 0 (S g 1 ,1 )), where we denote by C ′ 0 (S g 1 ,1 ) the profinite curve complex associated to Γ ′ g 1 ,1 . Let us remark that the natural map C 0 (S g 1 ,1 ) → C ′ 0 (S g 1 ,1 ) is injective. In fact, the simplicial complex C 0 (S g 1 ,1 ) is naturally identified with a full subcomplex of C 0 (S g ) and then the profinite semi-simplicial complex C ′ 0 (S g 1 ,1 ) is naturally identified with a full subcomplex of C (2) 0 (S g ). So, the natural map C 0 (S g ) → C (2) 0 (S g ) is injective for g ≥ 3. For a given (h − 1)-simplex σ ∈ C 0 (S g 1 ,1 ), the stabilizers are respectively Γ {σ,α} and Γ (2) {σ,α} and the latter group is virtually the pro-2 completion of the former. Let, indeed, µ := {σ, α} and denote, as usual, by Z(µ) (2) the closure of Z(µ) in Γ
g . By Theorem 6.2, there is a commutative diagram with exact rows 1 → γ∈σ Z 2 · τ γ → Z(µ) (2) → Z(α) (2) 
g−h,n+2h → 1 and, by the inductive hypothesis, Z(α) (2) is virtually the pro-2 completion of Z(α). So Z(µ) (2) is virtually the pro-2 completion of Z(µ) and the conclusion follows because the group Z(µ) ∩ Γ(2) has index a power of 2 in the group Γ µ ∩ Γ(2).
Let A be a discrete 2-primary torsion Z(α) (2) -module, by the first spectral sequence of equivariant cohomology, one gets the two spectral sequences (S g 1 ,1 ), A); (S g 1 ,1 ), A). On the other hand, the low degree terms' exact sequences of the second spectral sequences of equivariant cohomology, yield the commutative diagram with exact rows ,1 ), A)).
As we have just seen above, the middle vertical map is an isomorphism. Moreover, since g ≥ 3, the circle α bounds on S g a subsurface, say S g 1 ,1 , of genus at least 2. Therefore, from Theorem 5.2, it follows that the right vertical map is injective. So, the left vertical map is surjective and then, by Lemma 4.2, an isomorphism.
7 Cohomological properties of Γ (2) g,n
In Section 4, we saw that Γ g,n is 2-good with respect to the relative pro-2 completion for g ≤ 2. Thanks to the results of the previous sections, one can extend this result to higher genus, for low degree cohomology.
Theorem 7.1 Let A be a discrete 2-primary Γ
g,n -module. Then, the natural homomorphism Γ g,n → Γ (2) g,n induces on cohomology an isomorphism H i (Γ
g,n , A) ∼ = H i (Γ g,n , A) for g ≤ 2 and i ≥ 0, and for g ≥ 3 and 0 ≤ i ≤ 3.
Proof. Let us proceed by induction on genus and number of punctures. For genus ≤ 2, by the results of Section 4, one has an isomorphism for all i ≥ 0. Let us then assume the theorem has been proved for genus less than g and less than n punctures. Let us then prove it for genus g and n puncures.
By the second equivariant cohomology spectral sequence of the pairs (Γ
g,n , C (2) (S g,n )) and (Γ g,n , C(S g,n )), one has, for a 2-primary Γ (2) g,n -module A,
g,n , H q (C (2) (S g,n ), A)) ⇒ H p+q Γ (2) (C (2) (S g,n ), A),
where H is a subgroup of the group of signed permutation of the set σ. Therefore, by Hochschild-Serre, one has that the homomorphism Γ σ → Γ
σ induces an isomorphism on 2-primary cohomology in degree less than 4, as it was to prove. (2) , A) ∼ = H i (Γ(2 s ), A) for g ≤ 2 and i ≥ 0, and for g ≥ 3 and 0 ≤ i ≤ 3.
Proof. The corollary follows from Theorem 7.1 and Shapiro's Lemma. By Theorem 7.1, one can completely determine the homology groups of C (2) (S g,n )
and C
0 (S g,n ) (k) , for k = 1, 2.
Let us denote by U g (m) the kernel of the natural epimorphism Sp 2g (Z) → Sp 2g (Z/m). By the results in [B-M-S], one has that, for g ≥ 2, the kernel of the natural epimorphism Sp 2g (Z ℓ ) → Sp 2g (Z/ℓ s ) is the pro-ℓ completion of U g (ℓ s ). Therefore, for every s ≥ 0 (for s = 0, one just has Γ(1) = Γ g,n and U g (1) = Sp 2g (Z)), there is a short exact sequence
where T ′ g,n is a pro-ℓ completion of the Torelli group T g,n . The central series of a pro-ℓ group consists of closed subgroups, hence the subgroups (T ′ g,n )
[k] are closed in Γ(ℓ s ) (ℓ) for all k > 0. Since a finite ℓ-group is nilpotent, a continuous map from Γ(ℓ s ) (ℓ) to a discrete finite set factors through Γ(ℓ s ) (ℓ) /(T ′ g,n )
[k] for some k >> 0. Therefore, there is a natural isomorphism
where Z/ℓ s is a trivial Γ (ℓ) g,n -module. From the commutative diagram of groups
it follows that there is a commutative diagram on cohomology with trivial coefficients
Therefore, for all s > 0, if φ is an isomorphism, the map φ ′ is surjective. By Corollary 7.1 and universal coefficients for cohomology, one then has Proposition 7.2 Let g and n be non-negative integers such that 2g − 2 + n > 0. Then the natural homomorphism lim
is surjective for g ≤ 2 and i ≥ 0, and for g ≥ 3 and 0 ≤ i ≤ 3.
The Teichmüller space T g,n is contractible, hence the cohomology of the group Γ g,n can be naturally identified with the cohomology of the space M g,n . Let us consider for the moment just M g . On this space one can define some natural cohomology classes (called tautological classes) as follows. Let π : C g → M g be the universal curve over M g and let ω be its dualizing sheaf. Putting K = c 1 (ω), one defines for i = 0, . . . , 3g − 3 (see [Mu] )
Let us denote by κ i , for i = 0, . . . , 3g − 3, also the corresponding class in H 2i (M g , Q).
